ABSTRACT. We prove that if M is a closed, connected, oriented, rationally inessential manifold, then the Hofer-Zehnder capacity of the unit disk bundle of the cotangent bundle of M is finite.
INTRODUCTION
In this note we prove the following theorem.
Theorem A: Assume that M is a closed, connected, oriented, rationally inessential manifold. Then the Hofer-Zehnder capacity of the unit disk bundle of its cotangent bundle is finite
Actually we prove more. Namely under the assumptions of the theorem we find a contractible periodic orbit whose period bounds the Hofer-Zehnder capacity which implies the stronger result that the π 1 -sensitive Hofer-Zehnder capacity becomes finite. Here we recall that a manifold is called rationally inessential if the image of its fundamental class under the classifying map to the classifying space of its fundamental group vanishes in homology with rational coefficients.
To prove our main result we use a theorem of Irie. This theorem tells us that if the fundamental class of M vanishes in equivariant loop space homology, then the π 1 -sensitive Hofer-Zehnder capacity is finite. What goes on here is that the period of the killer of the fundamental class of M in equivariant symplectic homology which by a famous result of Viterbo coincides with equivariant loop space homology bounds the π 1 -sensitive Hofer-Zehnder capacity. We then show taking advantage of a deep result of Goodwillie that for a rationally inessential manifold the fundamental class of M vanishes in equivariant homology.
Iries theorem holds as well in the nonequivariant set-up. It cannot directly be applied to the nonequivariant homology of the free loop space, since the fundamental class of M never vanishes in nonequivariant loop space homology. However, it can well happen that it vanishes when one twists the coefficients. This has been examined in [2] . In particular, it is shown there that if there exists a nontrivial invariant homomorphism from π 2 pM q to any finite cyclic group, then the π 1 -sensitive Hofer-Zehnder capacity of the unit disk bundle of its cotangent bundle is finite. Here invariant refers to the action of the fundamental group of M on π 2 pM q. It is interesting to note that equivariant and nonequivariant methods lead to quite different topological conditions which guarantee finiteness.
THE HOFER-ZEHNDER CAPACITY
We briefly recall the definition and general properties of the HoferZehnder capacity. A comprehensive reference is the book by Hofer and Zehnder [11] .
Assume that pW, ωq is a symplectic manifold. A smooth function H : W Ñ R gives rise to a vector field X H P ΓpT W q implicitly defined by dH " ωp¨, X H q which is referred to as the Hamiltonian vector field of H. (ii): If a ‰ 0, then c HZ pW, aωq " |a|c HZ pW, ωq.
(iii): For r ą 0 let B r :" tz P C n : |z| ă ru be the r-ball, and Z r :" tz P C n : |z 1 | ă ru be the r-cylinder, where C n is endowed with its standard symplectic structure, then c HZ pB r q " r 2 π " c HZ pZ r q. In view of Theorem 2.5 a challenging question is to find conditions which guarantee the finiteness of the π 1 -sensitive Hofer-Zehnder capacity. A first tool to do that is the displacement energy.
In order to explain the displacement energy we first need to introduce the Hofer norm of a maybe time dependent Hamiltonian. Suppose that H P C 8 c pWˆr0, 1s, Rq is a compactly supported Hamiltonian depending in addition on a time parameter t P r0, 1s. For each t P r0, 1s we then obtain a compactly supported function H t " Hp¨, tq P C 8 c pW, Rq. The Hofer norm of H is defined as
If H is time independent this is just the oscillation of H.
A time dependent Hamiltonian gives rise to a time dependent Hamiltonian vector field and we denote by φ H the time one map of its flow. Suppose that U Ă W is an open subset of a symplectic manifold and therefore itself a symplectic manifold. Then the displacement energy of U in W is defined as epU q :" inft||H|| : φ H pU q X U " Hu.
Note that this quantity depends as well on W , i.e., epU q " epU, W q.
We use the convention that the infimum of the empty set is 8. With this convention U is displaceable in W if and only if epU, W q ă 8. The following Theorem is proved in [11, Chapter 5] . 
IRIE'S THEOREM
We first explain the notion of a Liouville domain. Suppose that pW, λq is a connected exact symplectic manifold, i.e., λ is a one-form on W with the property that ω " dλ is a symplectic form. Then one can define a vector field Y on W uniquely determined by λ which is implicitly defined by the condition λ " ωpY,¨q.
Assume that W is compact. Because W admits an exact symplectic form it necesarily has a boundary. We say that pW, λq is a Liouville domain if Y points outside at the boundary. This implies that pBW, λ| BW q is a contact manifold. In particular, one can define the Reeb vector field R P ΓpT BW q implicitly by the conditions λpRq " 1, dλ| BW pR,¨q " 0.
To a Liouville domain one can associate its symplectic homology SH˚pW q as well as its equivariant symplectic homology SH S 1 pW q. Moreover, there are inclusion homomorphisms
The following theorem is due to Irie [12] . and the symplectic homology is defined as the direct limit of this directed system. Analogously equivariant symplectic homology is defined as the direct limit of the equivariant Floer homologies of the Liouville domain for Hamiltonians of increasing slope on the completion. Moreover, the inclusion homomorphism i˚factors through H˚pW, BW q Ñ HF å pW q Ñ SH˚pW q.
If i˚prW sq " 0, then because the symplectic homology is the direct limit of the Floer homologie HF å pW q there exists a ą 0 such the fundamental class of the Liouville domain already vanishes in HF å pW q. However, Irie proved in [12, Corollary 3.5] that this implies that the π 1 -sensitive Hofer-Zehnder capacity is bounded from above by a.
ESSENTIAL AND INESSENTIAL MANIFOLDS
In [8] M. Gromov introduced the notion of essential manifold. To recall the definition we will need some terminological conventions.
In Sections 4 -6 the term manifold will mean closed connected oriented C 8 manifold. For a connected topological space X we denote by λ X : X Ñ Bπ 1 pXq the (homotopy unique) map inducing identity isomorphism in π 1 . Let R be one of the rings Z, Q. For a manifold M we denote by rM s R its fundamental class in H˚pM, Rq and by M R the element pλ X q˚prM sq P H˚pBπ 1 pXq, Rq (the index R will be omitted if the value of R will be clear from the context).
We abbreviate Z-inessential to inessential; a Q-inessential manifold is called also rationally inessential. Similar convention will be used for Z-essential and Q-essential manifolds.
The property of being essential is closely related to the geometry of the manifold. The main theorem of [8] establishes the following inequality for any essential manifold of dimension n:
where sys 1 pM q is the systolic constant, that is, the lower bound of the lengths of closed non contractible curves in M . Later on it turned out that the property of being inessential is also closely related to the geometry of the underlying manifold, namely to its macroscopic dimension and to the existence of a riemannian metric of positive scalar curvature. It is proved in [4] that a rationally inessential manifold M is macroscopically small if the fundamental group of M is a duality group of cohomological dimension not equal to n`1. Dranishnikov [5] conjectured that every rationally inessential manifold M n is macroscopically small. This conjecture was disproved by M. Marcinkowski, who constructed a rationally inessential macroscopically large manifold. The fundamental group of this manifold is a finite index subgroup of a Coxeter group. It would be interesting to have more information about the class of groups G for which any rationally inessential manifold M with π 1 pM q « G is macroscopically small.
In the two next sections we establish a relation between the inessentiality property and Hofer-Zehnder capacity for symplectic manifolds.
SOME PROPER TIES OF INESSENTIAL MANIFOLDS
Let us begin with some examples of inessential manifolds.
1.
If G is an R-acyclic group (that is, H˚pG, Rq " 0) then any manifold M with π 1 pM q « G is obviously R-inessential. The class of Q-acyclic groups is rather large, it includes for example all Coxeter groups (by a theorem of M. Davis, see [6] , p. 302). There are also many Z-acyclic groups, for example the famous Higman group [13] given by the following presentation
By a theorem of Baumslag, Dyer, and Miller [3] any group can be embedded into a Z-acyclic group.
2. Let cdG denote the cohomological dimension of G. If dim M ą cdπ 1 pM q, then M is clearly inessential. In particular, this is the case if π 1 pM q is free, and dim M ą 1. Same for manifolds M with dim M 3, if π 1 pM q is a knot group. Here are some general properties of inessential manifolds. (Recall that R stands for Z or Q.) Proposition 5.1. Let M be an R-inessential manifold, and N be any manifold of dimension ą 1. Then MˆN is inessential. Proof. The if part follows from the previous proposition. To prove the only if part, let H " π 1 pM q, G " π 1 pN q. The homomorphism H Ñ G induced by P is injective, and we have a commutative diagram, where both vertical arrows are finite coverings:
Recall the transfer homomorphism T : H˚pN q Ñ H˚pM q defined on the chain level by the formula T pσq " ř γ where the sum ranges over all lifts γ of the singular simplex σ to M . The homomorphism p˚˝T equals identity in H˚pN q. We have also rN s " k¨p˚prM sq, where K is the degree of the covering, and rM s " T prN sq. The commutativity of the diagram (2) together with the functoriality of the transfer homomorphism implies that
The result follows.
APPLICATIONS TO SYMPLECTIC HOMOLOGY THEORY
Our application of the theory of inessential manifolds to sympectic homology theory uses Viterbo's theorem (see [14] and [16] , and also [1] and [15] ), which identifies symplectic homology of the cotangent bundle with homology of the loop space of the underlying manifold.
Let M be a manifold; in the rest of this section all homology and cohomology groups are with rational coefficients, the free loop space ΛM is endowed with the canonical rotation action, and we endow M with the trivial S 1 -action. Denote by α the composition
Proof. Denote by p α the composition of the homomorphisms in cohomology dual to (3) . It suffices to prove that p α n : H n S 1 pΛM q Ñ H n pM q is equal to 0. To this end observe that HS 1 pM q is a free module over H˚pBS 1 q « Qrus, therefore the map H n S 1 pM q Ñ H n pM q is isomorphic to the projection à iPN H n´2i pM q Ñ H n pM q and factors through the inclusion
n S 1 pM q (where the localization is with respect to the multiplicative subset S " tu k | k P Nu). Thus it suffices to prove that the following composition vanishes in degree n (4)
The sequence (4) is obviously functorial in M so the classifying map Φ : M Ñ BG induces a commutative diagram
The second vertical arrow is an isomorphism by T. Goodwillie's theorem [7] , Corollary V.3.3, therefore the vanishing of the upper horizontal composition follows from vanishing of the homomorphism H n pBGq Ñ H n pM q. 
Proof. The following diagram is commutative
(Here T is the Thom isomorphism, and V is the Viterbo's isomorphism [14] .) The bottom arrow sends the fundamental class of M to zero by Proposition 6.1 therefore the fundamental class of DM is sent to zero by the top arrow.
Combining Irie's theorem with Corollary 6.2 we deduce a result about the finiteness of HZ-capacity for tangent bundles. In the next Corollary we gathered some immediate consequences of Theorem 6.3. 1) π 1 pM q is finite.
2) π 1 pM q is Q-acyclic.
3) π 1 pM q is free and dim M ą 1. 4) M « N 1ˆN2 , where N 1 , N 2 are oriented manifolds, N 1 is Qinessential and dim N 2 ą 0.
ON THE NON-ORIENTED CASE
Our results can be generalized to the case of non-oriented manifolds. In this section all manifolds are assumed to be closed and connected, but not necessarily oriented. For such a manifold M there is a twisted fundamental class rM s P H n pM, w 1 q, where n " dim M and w 1 is the local system of groups Q determined by the first StiefelWhitney class. Let M Ñ M be the two-fold orientation covering of M . The transfer homomorphism sends the twisted homology H˚pM, w 1 q to the usual homology of M , and we have (5) T prM sq " rM s.
Definition 7.1. A non-oriented closed connected manifold M is called Q-inessential, if the image M P H˚pBG, w 1 q of its twisted fundamental class rM s equals 0.
Proof. Let G " π 1 pM q, and H " Ker pw 1 : G Ñ Z{2Zq. We have a commutative diagram
and applying the functoriality of the transfer homomorphism we deduce the proposition. In order to deduce the finiteness of the HZ-capacities for nonoriented essential manifolds we will need the following lemma. 
ON SYMPLECTIC INVARIANTS OF UNIT DISC BUNDLES
Let M be a compact closed Riemannian manifold. The tangent bundle T M has a natural symplectic structure, and the symplectic invariants of the unit disc bundle DM are therefore invariants of the Riemannian manifold M . The next proposition follows immediately from the definition of the HZ capacity. For a non-simply connected manifold W there is a natural refinement of the definition of the Hofer-Zehnder capacities (see for example [12] ). The case of essential manifolds is not covered by the methods of the present paper. However there is an obvious relation between the HZ capacities and systolic constants of M . Namely, let xπ 1 pM qy 1 denote the set of all non-trivial conjugacy classes of the fundamental group. Recall that the lower bound of lengths of closed noncontractible curves in M is denoted by sys 1 pM q. We have obviously sys 1 pM q C HZ`D M, xπ 1 pM qy
1˘.
In view of Gromov's inequality (1) it is natural to suggest the following conjecture where D n depend only on n.
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